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1. Introduction

Consider the linear Fredholm integral equation (LFIE) of second
kind [1–15] and the nonlinear Fredholm integral equation (NLFIE)
[13–23] take the following forms, respectively:

y xð Þ ¼ f xð Þ þ
Z b

a
w x; tð Þy tð Þdt; ð1:1Þ

y xð Þ ¼ f xð Þ þ
Z b

a
w x; t; y tð Þð Þdt; a � x � b; ð1:2Þ

where f xð Þ;w x; tð Þ and w x; t; y tð Þð Þ are given continuous functions
defined on ½a; b� and y xð Þ is the unknown function. The fuzzy Fred-
holm integral equation (FFIE) [25–28] is represented by equation
(1.1) when w x; tð Þ is a bivariate function over the square
a � x; t � b and f xð Þ is a given fuzzy function.

Many numerical techniques are used to investigate the solu-
tions of LFIE, NLFIE and FFIE such as quarter–sweep Guass–Seidel
method (QSGSM) [1], functional approximation method (FAM)
[2]), quasi–interpolation method (QIM) [3], quarter–sweep itera-
tion method (QSIM) [6]), triangular functions method (TFM) [8],
collocation method (CM) [13], Newton–Kantorovich–quadrature
method (NKQM) [17], discrete adomian decomposition method
(DADM) [22], discrete homotopy analysis method (DHAM) [23],
block–pulse functions (BPFs) [26] . . . etc. For more details, Muthu-
valu and Sulaiman [1] studied the solution of LFIE using QSGSM
which gave better result than half and full sweep Guass–Seidel
methods. Long and Nelakanti [2] used FAM to solve it while Müller
and Varnhorn [3] solved it using QIM. Also, Bellour et al. [4] dis-
cussed its solution using natural cubic spline approximation and
cubic spline quasi–interpolation method. Panda et al. [5] intro-
duced a modified approach depends on the quadrature rule to
approximate the integral in equation (1.1) and the Lagrange inter-
polation to approximate this function (MA–QRLI). In addition,
Mohamad and Sulaiman [6] and Almasieh and Roodaki [8] gave a
piecewise collocation solution for FIE by QSIM [6] and TFM [8].
Tohidi [9] used Taylor matrix method to solve 2D LFIE. Lemita
et al. [10–11] applied a new process to approach equation (1.1)
defined on large interval while Guebbai [12] used regularization
and Fourier series to solve it. Ebrahimi and Rashidinia [13], Zhong
[14] and Rashidinia et al. [15] investigated the solution of both LFIE
and NLFIE using CM [13], integral mean value method (IMVM) [14]
and non-polynomial spline method (NPSM) [15]. A novel numeri-
cal method depends on the integral mean–value theorem used
by Li and Huang [16] to solve equation (1.2). Nadjafi and Heidari
[17] solved NLFIE by NKQM. Furthermore, Aziz and Islam [19]
determined the solution of it using Haar–wavelets method while
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Maleknejad and Nedaiasl [20] and Maleknejad et al. [21] solved it
using sinc–collocation method [20] and triangular functions
method [21]. Also, Behiry et al. [22] and Allahviranloo and Ghan-
bari [23] applied DADM [22] and DHAM [23] to solve equation
(1.2). Shiri et al. [25] and Ghanbari et al. [26] determined the solu-
tion of FFIE using spectral methods based on Chebyshev polynomi-
als [25] and BPFs [26], respectively. Moreover, Mirzaee [27]
investigated the solution of FFIE using BPFs and Taylor series but
this paper contained some scientific errors which have been cor-
rected by Sabzevari [28].

Non-polynomial splines have been used to approximate the
solutions of several partial differential equations and integral
equations such as Fredholm integral equations [15], Volterra
integral equations [31–32], hyperbolic equations [33–34], gener-
alized regularized long wave equation [35], Burgers’ equations
[36–37], parabolic equations [38], Fisher equations [39] and
convection–reaction diffusion equation [41] . . . etc. In this work,
the solution of linear, nonlinear, and fuzzy Fredholm integral
equations are obtained using ten non-polynomial cubic splines

(TNPCS) method which local truncation error is Oðh4Þ. Also,
their results are compared with the existing methods such as
MA–QRLI [5], IMVM [14], NPSM [15], NKQM [17] and BPFs
[26]. These comparisons conclude that the present method is
the best. Also, there are some references [41–53] about the
numerical solution of integral equations, the researcher should
read them.

This paper is organized as following: In Section 2, the procedure
of TNPCS method are presented. In Section 3, the methodology of
the present method is applied to LFIE, NLFIE and FFIE. Sections 4
and 5 contain the convergence analysis of TNPCS method and the
numerical results of the given examples, respectively. Finally, Sec-
tion 6 consists of the conclusion.

2. Ten non-polynomial cubic spline method

Firstly, the interval ½a; b� is divided into n subintervals with the
nodes ti ¼ t0 þ ih, for i ¼ 0;1;2; � � � ;n, t0 ¼ a, tn ¼ b and h ¼ tn�t0

n .
Secondly, let Si tð Þ ¼ yðtÞ be the non-polynomial cubic spline func-
tion defined as following:

Si tð Þ ¼ ai k1ek1s t�tið Þ þ k2e�k1s t�tið Þ� �
þ bi k3ek2s t�tið Þ þ k4e�k2s t�tið Þ� �þ ci t � tið Þ þ di;

for ti � t � tiþ1 and i ¼ 0;1;2; � � � ; n;
ð2:1Þ

where ai; bi; ci and di are the spline coefficients and s; kl and km are
constants, for l ¼ 1;2 and m ¼ 1;2;3;4.

Using equation (2.1), we can introduce about ten different for-
mulas for the non-polynomial cubic spline function as shown in
Table 1. To define the spline coefficients of equation (2.1), let

yi ¼ Si tið Þ; yiþ1 ¼ Si tiþ1ð Þ,Mi ¼ S
0 0
i tið Þ,Miþ1 ¼ S

0 0
i tiþ1ð Þ and h ¼ sh, then

we get:
Table 1
The generating spline function formulas from equation (2.1).

Formula number Spline function formulas

NP.1 aicos s t � tið Þð Þ þ bisin s t � tið Þð Þ þ ci t � tið Þ þ di
NP.2 aicos s t � tið Þð Þ þ bisinh s t � tið Þð Þ þ ci t � tið Þ þ di
NP.3 aicos s t � tið Þð Þ þ bicosh s t � tið Þð Þ þ ci t � tið Þ þ di
NP.4 aicos s t � tið Þð Þ þ biexp s t � tið Þð Þ þ ci t � tið Þ þ di
NP.5 aisin s t � tið Þð Þ þ bicosh s t � tið Þð Þ þ ci t � tið Þ þ di
NP.6 aisin s t � tið Þð Þ þ biexp s t � tið Þð Þ þ ci t � tið Þ þ di
NP.7 aisinh s t � tið Þð Þ þ bicosh s t � tið Þð Þ þ ci t � tið Þ þ di
NP.8 aisinh s t � tið Þð Þ þ biexp s t � tið Þð Þ þ ci t � tið Þ þ di
NP.9 aicosh s t � tið Þð Þ þ biexp s t � tið Þð Þ þ ci t � tið Þ þ di
NP.10 aiexp s t � tið Þð Þ þ biexp �s t � tið Þð Þ þ ci t � tið Þ þ di

2

ai ¼ 1
s2

a1Mi þ a2Miþ1ð Þ;

bi ¼ 1
s2

a4Mi � a5Miþ1ð Þ; ð2:2Þ

ci ¼ 1
h

yiþ1 � yi
� �þ 1

hs2
a8Miþ1 þ a9Mið Þ

and di ¼ yi þ 1
s2k21

a10 � 1ð ÞMi � a11Miþ1ð Þ, for i ¼ 0;1;2; � � � ;n� 1,

where

a0 ¼ k21 k3 þ k4ð Þe�k1h k1e2k1h þ k2
� �� k1 þ k2ð Þe�k2h k3e2k2h þ k4

� �� �
;

a1 ¼ �1
a0

e�k2h e2k2hk3 þ k4
� �� �

;

a2 ¼ k3 þ k4
a0

� �
;

a3 ¼ k22 k1k3e 2k1þk2ð Þh þ k2k3ek2h � k3 k1 þ k2ð Þe k1þ2k2ð Þh�
þ k1k4 e 2k1þk2ð Þh � ek1h

� �þ k2k4 ek2h � ek1h
� ��

;

a4 ¼ 1
a3

ek2�h k1e2k1�h þ k2
� �� �

;

a5 ¼ k1 þ k2
a3

� �
e k1þk2ð Þh;

a6 ¼ k21k
2
2 k1k3e 2k1þk2ð Þh þ k2k3ek2h � k3 k1 þ k2ð Þe k1þ2k2ð Þh � k1k4ek1h
�

þ k1k4e 2k1þk2ð Þh � k2k4ek1h þ k2k4ek2h
�
;

a7 ¼ 1
a6

s2k21k
2
2 k2 ehk2 � eh k1þ2k2ð Þ� �

k3 � ehk1 � ehk2
� �

k4
� ���

þehk1k1 �e2hk2k3 � k4 þ eh k1þk2ð Þ k3 þ k4ð Þ� ���
;

a8 ¼ �1
a6

�k3k
2
1 k1 þ k2ð Þe k1þ2k2ð Þh � k4k

2
1 k1 þ k2ð Þek1h�

þ k3 þ k4ð Þek2h k1k
2
2e

2k1h þ k2k
2
2 þ k1 þ k2ð Þ k21 � k22

� �
ek1h

� ��
;

a9 ¼ �1
a6

k2 k4 � �1þ ehk2
� �

k21 þ �1þ ehk1
� �

k22
� ���

þehk2k3 �1þ ehk2
� �

k21 þ ehk2 �1þ ehk1
� �

k22
� ��

þ ehk1k1 k3 eh k1þk2ð Þ �1þ ehk2
� �

k21 � e2hk2 �1þ ehk1
� �

k22
� ��

þ k4 k22 � ehk1 �1þ ehk2
� �

k21 þ k22
� �� ���

;

a10 ¼ 1
a3

k3 þ k4ð Þ k22 � k21
� �

k2ek2h þ k1e 2k1þk2ð Þh� �
and a11 ¼ 1

a3
k3 þ k4ð Þ k22 � k21

� �
k2e k1þk2ð Þh þ k1e k1þk2ð Þh� �

.

k1 k2 k3 k4 k1 k2

0:5 0:5 �0:5i 0:5i i i
0:5 0:5 0:5 �0:5 i 1
0:5 0:5 0:5 0:5 i 1
0:5 0:5 1 0 i 1
�0:5i 0:5i 0:5 0:5 i 1
�0:5i 0:5i 1 0 i 1
0:5 �0:5 0:5 0:5 1 1
0:5 �0:5 1 0 1 1
0:5 0:5 1 0 1 1
1 0 0 1 1 1
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Remarks:

i. NP.1, NP.5 and NP.7, defined in Table 1, are the non-
polynomial spline functions introduced in [15,31–35,36]
and [36–39], respectively.

ii. NP.1 used to solve Fredholm integral equation [15], nonlin-
ear Volterra integral equations [31–32], hyperbolic equa-
tions [33], Burgers’ equation [34] and 1D quasi–linear
hyperbolic equation [35].

iii. NP.5 and NP.7 used to obtain the numerical solution of gen-
eralized regularized long wave equation [36].

iv. NP.7 investigated the solution of Burgers–Fisher and coupled
nonlinear Burgers’ equations [37], 1D quasi–linear parabolic
equations [38] and nonlinear Fisher equations [39].

Using the continuity of the first derivative of the defined non-
polynomial spline function at the point ti; yið Þ, we have

S
0
i�1ðtiÞ ¼ S

0
iðtiÞ, then we get the following relation:

b0Mi�1 þ b1Mi þ b2Miþ1 ¼ 1

h2 yi�1 � 2yi þ yiþ1

� �
;

for i ¼ 1;2;3; � � � ; n� 1; ð2:3Þ
where

b0 ¼ 1

h2a7

�a9 þ h �e�hk1 e2hk1k1 � k2
� �

a1k1 � ehk2k3a4k2 þ e�hk2k4a4k2
� �� �

;

b1 ¼ 1

h2a7

�a8 þ a9 þ h k1 � k2ð Þa1k1 � ehk1h k1 � e�2hk1k2
� �

a2k1
�

þh k3 � k4ð Þa4k2 þ ehk2hk3a5k2 � e�hk2hk4a5k2
�

and b2 ¼ 1
h2a7

a8 þ h k1 � k2ð Þa2k1 þ h �k3 þ k4ð Þa5k2ð Þ.
The local truncation error Tið Þ of TNPCS method can be deter-

mined by expanding equation (2.3) by Taylor’s approximation
about xi, then we get

Ti ¼ �1þ b0 þ b1 þ b2ð Þy0 0
i þ h �b0 þ b2ð Þy0 0 0

i

þ h2

12
�1þ 6b0 þ 6b2ð Þy 4ð Þ

i þ h3

6
�b0 þ b2ð Þy 5ð Þ

i

þ h4

360
�1þ 15b0 þ 15b2ð Þy 6ð Þ

i þ h5

120
�b0 þ b2ð Þy 7ð Þ

i

þ h6

20160
�1þ 28b0 þ 28b2ð Þy 8ð Þ

i þ � � � ; ð2:4Þ

Let e1 ¼ �1þ b0 þ b1 þ b2, e2 ¼ �b0 þ b2 and
e3 ¼ �1þ 6b0 þ 6b2, then for e1 ¼ e2 ¼ e3 ¼ 0, we get

b0 ¼ b2 ¼ 1
12, b1 ¼ 5

6,

and Ti ¼ 1
240h

4y 6ð Þ
i þ 11

60480h
6y 8ð Þ

i þ Oðh8Þ,
henec, Ti ¼ Oðh4Þ.
Using the natural spline initial conditions, we can take

M0 ¼ Mn ¼ 0, then rewriting equation (2.3) in the matrix form,
we get:

W1M ¼ 1

h2 W2Y

and hence

M ¼ 12

h2 JY; ð2:5Þ

where J ¼ W�1
1 W2,

M ¼ M0;M1; � � � ;Mnð ÞT ;

Y ¼ y0; y1; � � � ; ynð ÞT ;
3

W1 ¼

1

1

0

0

10

1

0 0

1 0

10 1 0

� � �

0

0

0

..

. . .
. ..

.

0

0

0

0
� � �

1 10 1

1

0
BBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCA

and W2 ¼

0
1
0

0
�2
1

0 0 0
1 0 0
�2 1 0

� � �
0
0
0

..

. . .
. ..

.

0
0

0
0 � � � 1 �2 1

0

0
BBBBBB@

1
CCCCCCA
.

3. Applying TNPCS on Fredholm integral equations

In this section, the solutions of linear, nonlinear, and fuzzy Fred-
holm integral Eqs. (1.1) and (1.2) are obtained using TNPCS method
introduced in Section 2.

3.1. Linear and nonlinear Fredholm integral equations

Firstly, the solution of LFIE (1.1) is discussed, for this purpose,
we substitute from equation (2.2) into (2.1), then we get:

Si tð Þ ¼ y tð Þ

¼ 1
s2 a1Mi þ a2Miþ1ð Þ
� �

k1ek1s t�tið Þ þ k2e�k1s t�tið Þ� �
þ 1

s2
a4Mi � a5Miþ1ð Þ

� �
k3ek2s t�tið Þ þ k4e�k2s t�tið Þ� �

þ 1
h

yiþ1 � yi
� �þ 1

hs2
a8Miþ1 þ a9Mið Þ

� �
t � tið Þ

þ yi þ
1

s2k21
a10 � 1ð ÞMi � a11Miþ1ð Þ

" #
þ O h4

� 	
; ð3:1Þ

from equation (3.1) into equation (1.1), we have

y tið Þ ¼ f tið Þ þ
Z b

a
w ti; tð Þy tð Þdt;

y tið Þ ¼ f tið Þ þ
Xn�1

j¼0

Z tjþ1

tj

w ti; tð Þy tð Þdt þ O h4
� 	

;

y tið Þ ¼ f tið Þ þ
Xn�1

j¼0

Z tjþ1

tj

w ti; tð ÞSj tð Þdt þ O h4
� 	

;

y tið Þ ¼ f tið Þ þ
Xn�1

j¼0

Z tjþ1

tj

w ti; tð Þ 1
s2

a1Mj þ a2Mjþ1
� �� ��

� k1e
k1s t�tjð Þ þ k2e

�k1s t�tjð Þ� 	
þ 1

s2
a4Mj � a5Mjþ1
� �� �

� k3ek2s t�tjð Þ þ k4e�k2s t�tjð Þ� 	

þ 1
h

yiþ1 � yi
� �þ 1

hs2
a8Miþ1 þ a9Mið Þ

� �
t � tj
� �

þ yj þ
1

s2k21
a10 � 1ð ÞMj � a11Mjþ1

� �" ##
dt þ O h4

� 	
;
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y tið Þ ¼ f tið Þ þ
Xn
j¼0

1
s2 a1Mj
� �

ai;j þ 1
s2 a2Mj
� �

bi;j þ 1
s2 a4Mj
� �

ci;j

�

� 1
s2

a5Mj
� �

di;j þ 1
h
yj þ

a8

hs2
Mj

� �
ei;j þ �1

h
yj þ

a9

hs2
Mj

� �
gi;j

þ yj þ
1

s2k21
a10 � 1ð ÞMj

 !
li;j � 1

s2k21
a11Mj
� �

ni;j

#
þ O h4

� 	
;

ð3:2Þ
where

ai;j ¼ bi;jþ1 ¼
Z tjþ1

tj

w ti; tð Þ k1ek1s t�tjð Þ þ k2e�k1s t�tjð Þ� 	
dt;

ci;j ¼ di;jþ1 ¼
Z tjþ1

tj

w ti; tð Þ k3ek2s t�tjð Þ þ k4e�k2s t�tjð Þ� 	
dt;

ei;jþ1 ¼ gi;j ¼
Z tjþ1

tj

w ti; tð Þ t � tj
� �

dt

and li;j ¼ ni;jþ1 ¼ R tjþ1
tj

w ti; tð Þdt.
By assuming ai;n ¼ bi;0 ¼ ci;n ¼ di;0 ¼ ei;0 ¼ gi;n ¼ li;n ¼ ni;0 ¼ 0,

A ¼ ai;j, B ¼ bi;j, C ¼ ci;j, D ¼ di;j, E ¼ ei;j, G ¼ gi;j, L ¼ li;j, N ¼ ni;j,

M ¼ M0;M1; � � � ;Mnð ÞT , Y ¼ y0; y1; � � � ; ynð ÞT and

F ¼ f 0; f 1; � � � ; f nð ÞT , we get

Y ¼ F þ 12
s2

a1Aþ a2Bþ a4C � a5Dþ 1
h
a8Eþ 1

h
a9G

�

þ 1
k21

a10 � 1ð ÞL� 1
k21
a11N

#
M þ 1

h
a7E� 1

h
a7Gþ L

� �
Y; ð3:3Þ

By substituting M from equation (2.5) into (3.4), then we have

Y ¼ F þþ12
h2

a1Aþ a2Bþ a4C � a5Dþ 1
h
a8Eþ 1

h
a9G

�

þ 1
k21

a10 � 1ð ÞL� 1
k21
a11N

#
JY þ 1

s2
1
h
a7E� 1

h
a7Gþ s2L

� �
Y; ð3:4Þ

Let H1 ¼ 12
h2

a1Aþ a2Bþ a4C � a5Dþ 1
ha8Eþ 1

ha9Gþ 1
k21

a10 � 1ð Þ
h

L� 1
k21
a11N�

and H2 ¼ 1
ha7E� 1

ha7Gþ L

 �

, then we get

I � H1J � H2½ �Y ¼ F;

Hence,

Y ¼ I � H1J � H2½ ��1F: (3.5)
Secondly, to obtain the solution of the NLFIE (1.2) using TNPCS

method, we need to convert it to a linear equation using the itera-
tive form introduced in [15,32] with a lower solution y0ðxÞ, as
following:

ymðxÞ ¼ f m xð Þ þ R b
a wm x; tð Þym tð Þdt; for m ¼ 1;2; � � � ; (3.6)

which is the linear Fredholm integral equation of equation (1.2),
where

f m xð Þ ¼ f tð Þ þ
Z b

a
w x; t; ym�1 tð Þð Þ � wy x; t; ym�1 tð Þð Þym�1 tð Þ
 �

dt;

and wm x; tð Þ ¼ wy x; t; ym�1 tð Þð Þ; for m ¼ 1;2;3; � � � ð3:7Þ
By using equation (3.6) and by repeating the steps from equa-

tions (3.1) to (3.4), we have

Ym ¼ I � H1mJ � H2m½ ��1Fm; for m ¼ 1;2;3; � � � ; ð3:8Þ
where
4

Ym ¼ y0m; y1m; � � � ; ynmð ÞT ;

Fm ¼ f 0m; f 1m; � � � ; f nm
� �T

;

H1m ¼ 12
h2

a1Am þ a2Bm þ a4Cm � a5Dm þ 1
h
a8Em þ 1

h
a9Gm

�

þ 1
k21

a10 � 1ð ÞLm � 1
k21
a11Nm

#

and H2m ¼ 1
ha7Em � 1

ha7Gm þ Lm

 �

.
Finally, solving equations (3.5) and (3.8), we get the solutions of

equations (1.1) and (1.2) by using TNPCS method.

3.2. Fuzzy Fredholm integral equation

Definition 3.1 ([25,27,29]:). Any fuzzy number v in the parametric
form can be represented by an ordered pair of functions v rð Þ; �v rð Þð Þ
such that it satisfies the following three conditions:
i. v rð Þ is a bounded increasing left–continues function,
ii. �v rð Þ is a bounded decreasing right–continues function,
iii. �v rð Þ � v rð Þ, r 2 ðÞ.
Definition 3.2 ([27,29]:). A fuzzy number is a fuzzy set

v : R1 ! I ¼ 0;1½ � which satisfies:
i. v is upper semi–continuous,
iv. v xð Þ ¼ 0, outside the interval a; b½ �,
v. There are some real numbers c; d : a � c � d � b for which
	 v xð Þ is monotonic increasing on a; c½ �,
	 v xð Þ is monotonic decreasing on d; b½ �,
	 v xð Þ ¼ 1, x 2 c; d½ �.

Let v ¼ v ; �vð Þ and u ¼ u; �uð Þ are two arbitrary fuzzy numbers
and k 2 R, then for 0 � r � 1, their addition and scaler multiplica-
tion are defined as following:

i. v þ uð Þ rð Þ ¼ v rð Þ þ u rð Þ,
ii. v þ uð Þ rð Þ ¼ �v rð Þ þ �u rð Þ,
iii. kv rð Þ ¼ kv rð Þ, kv rð Þ ¼ k�v rð Þ, for k � 0,

iv. kv rð Þ ¼ k�v rð Þ, kv rð Þ ¼ kv rð Þ, for k < 0.

From definition 3.1, we consider the parametric form of y xð Þ and
f xð Þ are: y x; rð Þ ¼ y x; rð Þ; �y x; rð Þ

� 	
and f x; rð Þ ¼ f x; rð Þ;�f x; rð Þ

� 	
,

hence, we can rewrite the parametric form of the fuzzy Fred-
holm Integral equation (1.1) as introduced in [25] as following:

y x; rð Þ ¼ f x; rð Þ þ
Z b

a
wþ t; xð Þy t; rð Þdt �

Z b

a
w� t; xð Þ�y t; rð Þdt; ð3:9Þ

and

�y x; rð Þ ¼ �f x; rð Þ þ
Z b

a
wþ t; xð Þ�y t; rð Þdt �

Z b

a
w� t; xð Þy t; rð Þdt; ð3:10Þ

where

wþ t; xð Þ ¼ w t; xð Þ; w t; xð Þ � 0;
0; otherwise;

�

and w� t; xð Þ ¼ �w t; xð Þ; w t; xð Þ � 0;
0; otherwise:

�
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Rewriting equation (3.1) in the parametric form, we get

Si t; rð Þ ¼ y t; rð Þ

¼ 1
s2

a1Mi þ a2Miþ1

� 	� �
k1ek1s t�tið Þ þ k2e�k1s t�tið Þ� �

þ 1
s2

a4Mi � a5Miþ1

� 	� �
k3ek2s t�tið Þ þ k4e�k2s t�tið Þ� �

þ 1
h

yiþ1 � yi
� 	

þ 1
hs2

a8Miþ1 þ a9Mi

� 	� �
t � tið Þ

þ yi þ
1

s2k21
a10 � 1ð ÞMi � a11Miþ1

� 	" #
; ð3:11Þ

and

Si t; rð Þ ¼ �y t; rð Þ

¼ 1
s2

a1Mi þ a2Miþ1
� �� �

k1ek1s t�tið Þ þ k2e�k1s t�tið Þ� �
þ 1

s2 a4Mi � a5Miþ1
� �� �

k3ek2s t�tið Þ þ k4e�k2s t�tið Þ� �
þ 1

h
yiþ1 � yi
� �þ 1

hs2
a8Miþ1 þ a9Mi
� �� �

t � tið Þ

þ yi þ
1

s2k21
a10 � 1ð ÞMi � a11Miþ1

� �" #
; ð3:12Þ

where
Mi ¼ M ti; rð Þ;Mi ¼ M ti; rð Þ; yi ¼ y ti; rð Þ and yi ¼ �y ti; rð Þ.
By substituting y t; rð Þ and �y t; rð Þ from equations (3.11) and

(3.12) into equations (3.9) and (3.10), then by repeating the steps
from equations (3.2) to (3.3), then we have

I � H1J � H2
� �

Y þ H1J þ H2
� �

Y ¼ F; ð3:13Þ

and

H3J þ H4
� �

Y þ I � H3J � H4
� �

Y ¼ F; ð3:14Þ

where

H1 ¼ 12
h2

a1A1 þ a2B1 þ a4C1 � a5D1 þ 1
h
a8E1 þ 1

h
a9G1 þ 1

k21
a10 � 1ð ÞL1 � 1

k21
a11N1

" #
;

H2 ¼ 1
h
a7E1 � 1

h
a7G1 þ L1

� �
;

H1 ¼ 12
h2

a1A2 þ a2B2 þ a4C1 � a5D2 þ 1
h
a8E2 þ 1

h
a9G2 þ 1

k21
a10 � 1ð ÞL2 � 1

k21
a11N2

" #
;

H2 ¼ 1
h
a7E2 � 1

h
a7G2 þ L2

� �
;

H3 ¼ 12
h2

a1A3 þ a2B3 þ a4C3 � a5D3 þ 1
h
a8E3 þ 1

h
a9G3 þ 1

k21
a10 � 1ð ÞL3 � 1

k21
a11N3

" #
;

H4 ¼ 1
h
a7E3 � 1

h
a7G3 þ L3

� �
;

H3 ¼ 12
h2

a1A4 þ a2B4 þ a4C4 � a5D4 þ 1
ha8E4 þ 1

ha9G4 þ 1
k21

a10 � 1ð Þ
h

L4 � 1
k21
a11N4� and H4 ¼ 1

ha7E4 � 1
ha7G4 þ L4

h i
.

Finally, solving the system of equations (3.13) and (3.14), then
we get the solutions of y x; rð Þ and �y t; rð Þ in the form of equations
(3.11) and (3.12).
5

4. Convergence analysis

In this section, the convergence of TNPCS method is discussed.
For this purpose, we consider the following lemmas:

Lemma 4.1 ([15,32]:). Let Q be n� nð Þ matrix with kQk1 < 1 then,

the matrix I � Qð Þ is invertible and k I � Qð Þ�1k1 � 1
1�kQk1.

where I is the identity matrix and kQk1 is the infinity norm of
the matrix

Q ¼ qij

� �
which defined as following:

kQk1 ¼ max
1�i�n

Xn
j¼1

qij



 

 !

Lemma 4.2 ([15,32]:). The matrix I � H1J � H2½ � in equation (3.5), is
invertible, provided

kwk1 b� að Þ
241 5þ 2

ffiffiffi
6

p� 	
20

ffiffiffi
6

p
48þ 2

ffiffiffi
6

p� 	
0
@

1
A 12

h2

� �
u3 þ 1

2
4

3
5 < 1

Proof: For i ¼ 0;1;2; � � � ;n, we have

kAk1 ¼ kBk1 � kwk1 b� að Þ 1
h

� �
k1ek1h � 1


 

þ 1� k2e�k1h



 

� �
;

kCk1 ¼ kDk1 � kwk1 b� að Þ 1
h

� �
k3ek2h � 1


 

þ 1� k4e�k2h



 

� �
;

kEk1 ¼ kGk1 � kwk1 b� að Þ h
2

� �
;

and kLk1 ¼ kNk1 � kwk1 b� að Þ,
hence kH1k1 � 12

h2

� 	
kwk1 b� að Þu3,

and kH2k1 � kwk1 b� að Þ,

u1 ¼ 1
h

� �
k1ek1h � 1


 

þ 1� k2e�k1h



 

� �

u2 ¼ 1
h

� �
k3ek2h � 1


 

þ 1� k4e�k2h



 

� �
and u3 ¼ a1 þ a2j ju1 þ a4 � a5j ju2 þ 1

2 a8 þ a9j j þ 1
k21
a10 � a11 � 1j j.

The inverse of the diagonal matrix W1 defined in equation (2.5)
can be obtained by using the inversion of general tridiagonal
matrices method [30]. For this purpose, let W�1

1 ¼ zi;j , for
1 � i; j � nþ 1 and as proved in [15,32], we have

i. zi;i ¼ mi�1mn�iþ1
mi

, for 1 � i � nþ 1,

ii. z1;nþ1 ¼ znþ1;1 ¼ z1;j ¼ znþ1;j ¼ 0, for 2 � j � n,
iii. zi;j ¼ zj;i , for 2 � i; j � n,
iv. For 2 � i � n and 1 � j � nþ 1,

v. zi;j ¼
�1ð Þj�i mi�1

mj�1

� 	
zj;j; i < j;

�1ð Þi�j mn�iþ1
mn�jþ1

� 	
zj;j; i > j;

8<
:

where m0 ¼ 1 and mi ¼
ffiffi
6

p
24 5þ

ffiffiffiffiffiffi
24

p� 	i
� 5�

ffiffiffiffiffiffi
24

p� 	i� �
.

From equation (2.5), we have J ¼ W�1
1 W1 ¼ wi;j and for

1 � i � nþ 1, we obtain
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wi;j ¼

zi;jþ1; j ¼ 1;
zi;jþ1 � 2zi;j; j ¼ 2;

zi;j�1 � 2zi;j þ zi;jþ1; 3 � j � n� 1;
zi;j�1 � 2zi;j; j ¼ n;

zi;j�1; j ¼ nþ 1;

8>>>>>><
>>>>>>:

and hence, kJk1 � 241 5þ2
ffiffi
6

pð Þ
20
ffiffi
6

p
48þ2

ffiffi
6

pð Þ.
By using lemma 4.1, the matrix I � H1J þ H2ð Þ½ � is invertible,

provided

kH1J þ H2k1 < 1

kwk1 b� að Þ
241 5þ 2

ffiffiffi
6

p� 	
20

ffiffiffi
6

p
48þ 2

ffiffiffi
6

p� 	
0
@

1
A 12

h2

� �
u3 þ 1

2
4

3
5 < 1 ð4:1Þ

Theorem 4.1 ([15,32]:). Let f xð Þ 2 C4 Ið Þ and w x; tð Þ 2 C4 I � Ið Þ such
that

kwk1 b� að Þ
241 5þ 2

ffiffiffi
6

p� 	
20

ffiffiffi
6

p
48þ 2

ffiffiffi
6

p� 	
0
@

1
A 12

h2

� �
u3 þ 1

2
4

3
5 < 1;

then consider a unique approximating solution and the
obtained error, equation (4.3), satisfies

k e� k1;X � l h4
� 	

8 X 
 I;

where l is a constant and I :¼ a; b½ �.
Proof: Suppose that the exact solution of equation (3.5) in the

matric form is

I � H1J þ H2ð Þ½ �Y ¼ F þ T; ð4:2Þ
where Y ¼ �y0; �y1; �y2; � � � ; �ynð ÞT is the exact solution vector, and
T ¼ t0; t1; t2; � � � ; tnð ÞT is the local truncation error vector.

By Subtracting equations (4.2) and (3.5), we get

I � H1J þ H2ð Þ½ � e� ¼ T;

e
� ¼ I � H1J þ H2ð Þ½ ��1T; ð4:3Þ
where e

� ¼ eið ÞT is the column vector of the errors eið Þ,
i ¼ 0;1;2; � � � ; n,
ei ¼ y tið Þ � Si;

y tið Þ is the exact solution and Si ¼ yi is the spline solution,

hence, e
� ¼ Y � Sð Þ.

From equations (2.4) and (4.3), we have

kTk1 � 1
240

h4U;

and ke� k1 � k I � H1J þ H2ð Þð Þ�1k1kTk1; ð4:4Þ
where U ¼ Maxxi�n�xiþ1y

6ð ÞðnÞ and n is a constant.
From equation (4.4), lemmas 4.1 and 4.2, we have

ke� k1 � kTk1
1� kwk1 b� að Þ 241 5þ2

ffiffi
6

pð Þ
20
ffiffi
6

p
48þ2

ffiffi
6

pð Þ
� �

12
h2

� 	
u3 þ 1

� � ;

ke� k1 � l1 h4
� 	

;

and hence kY � Sk1 � l1 h4
� 	

; ð4:5Þ
6

where l1 ¼ U
240l2

, and l2 ¼ 1� kwk1 b� að Þ 241 5þ2
ffiffi
6

pð Þ
20
ffiffi
6

p
48þ2

ffiffi
6

pð Þ
� ��

12
h2

� 	
u3 þ 1

�
< 1.

On the other hand, by using TNPCS method, we can consider
Si tð Þ is the exact solution of equation (3.1) and it’s defined as
following:

Si tð Þ ¼ 1
s2

a1Mi þ a2Miþ1
� �� �

k1ek1s t�tið Þ þ k2e�k1s t�tið Þ� �
þ 1

s2
a4Mi � a5Miþ1
� �� �

k3ek2s t�tið Þ þ k4e�k2s t�tið Þ� �
þ 1

h
�yiþ1 � �yi
� �þ 1

hs2
a8Miþ1 þ a9Mi
� �� �

t � tið Þ

þ yi þ
1

s2k21
a10 � 1ð ÞMi � a11Miþ1

� �" #
þ O h4

� 	
; ð4:6Þ

where �yi, Mi are the exact solutions of y tið Þ and y
0 0
tið Þ, respectively.

By Subtracting equations (3.1) and (4.6), we get
Si tð Þ � Si tð Þ ¼

1
s2

a1 Mi �Mi
� �þ a2 Miþ1 �Miþ1

� �� �� �
k1ek1s t�tið Þ þ k2e�k1s t�tið Þ� �

þ 1
s2

a4 Mi �Mi
� �� a5 Miþ1 �Miþ1

� �� �� �
k3ek2s t�tið Þ þ k4e�k2s t�tið Þ� �

þ 1
h

yiþ1 � �yiþ1

� �� yi � �yið Þ� �þ 1
hs2

a8 Miþ1 �Miþ1
� �þ a9 Mi �Mi

� �� �� �
t � tið Þ

þ yi þ
1

s2k21
a10 � 1ð Þ Mi �Mi

� �� a11 Miþ1 �Miþ1
� �� �" #

þ O h4
� 	

; ð4:7Þ

hence, for i ¼ 0;1;2; � � � ;n� 1 and ti � t � tiþ1, we get

kSi tð Þ � Si tð Þk1 � O h4
� 	

;

and hence; kSi � Sik1 � l3 h4
� 	

; ð4:8Þ

where l3 is a constant.
Since kY � Sk1 � kY � Sk1 þ kS� Sk1,
therefore, by using equations (4.5) and (4.8), we have

kY � Sk1 � l1 h4
� 	

þ l3 h4
� 	

� l h4
� 	

; ð4:9Þ

where l ¼ l1 þ l3.
Thus, it follows kEk ! 0 as h ! 0, then we explained the con-

vergence of the fourth order TNPCS method.

5. Numerical results

In this section, the numerical solutions of some Fredholm inte-
gral equations are determined by using TNPCS method with
b0 ¼ b2 ¼ 1

12 ; b1 ¼ 5
6 and the values of the parameter s ¼ h

h are deter-
mined from b0; b1 and b2 formulas defined in equation (2.3).

Problem 5.1. Consider the following linear integral equation [5,15]:
y xð Þ ¼ xþ 1
6

Z 1

�1
x4 þ t4
� �

y tð Þdt; ð5:1Þ

and its exact solution is:

y xð Þ ¼ x: ð5:2Þ
Table 2 illustrated the absolute errors of equation (5.1) at

n ¼ 20 which obtained by using TNPCS method with different val-
ues of s and NPSM [15] with s ¼ 1:5 and 89:888. These results ver-
ified that proposed method is better than NPSM and MA–QRLI [5].



Fig. 1. The solutions of problem 5.2.

Table 2
The absolute errors for problem 5.1 at h ¼ 0:1.

x ! s # 0:2 0:4 0:6 0:8 1

NP.1 22:76 3:33� 10�16 3:33� 10�16 2:22� 10�16 0 0

NP.2 �28:38 2:78� 10�17 2:78� 10�16 0 5:55� 10�16 5:55� 10�16

NP.3 �28:09 0 1:67� 10�16 1:11� 10�16 1:11� 10�16 0

NP.4 28:66 7:22� 10�16 3:33� 10�16 5:55� 10�16 1:11� 10�16 5:55� 10�16

NP.5 85:07 4:99� 10�16 4:44� 10�16 1:11� 10�16 0 2:22� 10�16

NP.6 52:74 1:11� 10�16 0 4:44� 10�16 1:11� 10�16 2:22� 10�16

NP.7 �28:197 0 2:22� 10�16 0 5:55� 10�16 2:22� 10�16

NP.8 28:197 6:94� 10�16 2:22� 10�17 4:44� 10�16 4:44� 10�16 0

NP.9 28:197 3:61� 10�16 1:67� 10�16 9:99� 10�16 0 4:44� 10�16

NP.10 28:197 2:49� 10�16 0 2:22� 10�16 3:33� 10�16 2:22� 10�16

NPSM [15] 1:5 1:1� 10�15 2:7� 10�15 1:3� 10�15 5:5� 10�16 2:2� 10�16

89:888 1:1� 10�16 2:7� 10�16 0 0 0

MA–QRLI [5] � 5:29� 10�12 5:40� 10�12 6:10� 10�12 8:99� 10�12 1:45� 10�12
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Moreover, the maximum absolute error (MAE) of TNPCS method is

O 10�16
� 	

while MAE of MA–QRLI method [5] is O 10�12
� 	

. Also, the

computations of the different forms of TNPCS are almost the same.

Problem 5.2. Consider the following linear integral equation [4]:

y xð Þ ¼ x2 � 2
Z 1

0
1þ xtð Þy tð Þdt; ð5:3Þ

and its exact solution is:

y xð Þ ¼ x2 � 5
24

x� 11
72

: ð5:4Þ

A comparison between the exact solution of equation (5.3) and
the approximated solutions using IMVM [4] and TNPCS method are
shown in Table 3 and Fig. 1 at n ¼ 50. This comparison indicates
that the TNPCS method is more accurate than IMVM [4]. In addi-

tion, MAE of TNPCS method is O 10�4
� 	

while MAE of IMVM [4]

is O 10�2
� 	

.

Problem 5.3. Consider the following nonlinear integral equation
[15,17]:

y xð Þ ¼ Sin pxð Þ þ 1
5

Z 1

0
Cos pxð ÞSin ptð Þy3 tð Þdt; ð5:5Þ

with a lower solution is: y0 xð Þ ¼ 1� et , and its exact solution is:

y xð Þ ¼ Sin pxð Þ þ 1
3

20�
ffiffiffiffiffiffiffiffiffi
391

p� 	
Cos pxð Þ; ð5:6Þ

The linear integral equation of equation (5.5) in the iterative
form is:
Table 3
The absolute errors for problem 5.2 at h ¼ 0:02.

x ! s # 0 0:2

NP.1 113:78 4:24� 10�4 1:72� 10�4

NP.3 144:51 4:17� 10�4 1:37� 10�4

NP.4 143:29 4:17� 10�4 1:64� 10�4

NP.6 263:68 4:33� 10�4 1:82� 10�4

NP.7 140:99 4:16� 10�4 1:21� 10�5

NP.10 140:99 4:16� 10�4 1:21� 10�5

IMVM [4] � 6:23� 10�2 4:83� 10�2

7

ym xð Þ ¼ Sin pxð Þ � 2
5

Z 1

0
Cos pxð ÞSin ptð Þy3m�1 tð Þdt

� �

þ 3
5

Z 1

0
Cos pxð ÞSin ptð Þy2m�1 tð Þ
 �

ym tð Þdt; for m ¼ 1;2;3; � � �
ð5:7Þ

Table 4 contains the absolute errors of equation (5.5) that are
computed using NP.1 with h ¼ 0:1; 0:2 and NKQM [17] with
h ¼ 0:05. In addition, a comparison between them and the exact
solution are shown in Fig. 2 which stated that the TNPCS method
is better than NKQM [17]. Also, the solution of the present method
can be improved by increasing the values of n and m.

Problem 5.4. Consider the fuzzy Fredholm integral equation [26]
with:
0:4 0:6 0:8 1

8:00� 10�5 3:32� 10�4 5:84� 10�4 8:35� 10�4

3:38� 10�4 5:91� 10�4 8:43� 10�4 9:86� 10�4

8:84� 10�5 3:41� 10�4 5:93� 10�4 8:46� 10�4

6:94� 10�5 3:21� 10�4 5:72� 10�4 8:23� 10�4

2:41� 10�4 4:93� 10�4 7:46� 10�4 8:36� 10�4

2:41� 10�4 4:93� 10�4 7:46� 10�4 8:36� 10�4

3:42� 10�2 2:01� 10�2 6:01� 10�2 8:07� 10�2



Table 4
The absolute errors for problem 5.3.

x NKQM [17] NP.1 (m ¼ 3)

n ¼ 20;m ¼ 4ð Þ n ¼ 5; s ¼ 252:52ð Þ n ¼ 10; s ¼ 505:04ð Þ
0 4:98� 10�2 1:12� 10�2 1:39� 10�4

0:1 4:74� 10�2 2:88� 10�2 1:33� 10�4

0:2 4:03� 10�2 9:06� 10�3 1:13� 10�4

0:3 2:93� 10�2 4:81� 10�2 8:20� 10�5

0:4 1:54� 10�2 3:46� 10�3 4:31� 10�5

0:5 0 4:89� 10�2 4:46� 10�16

0:6 1:54� 10�2 3:46� 10�3 4:31� 10�5

0:7 2:93� 10�2 3:12� 10�2 8:20� 10�5

0:8 4:03� 10�2 9:06� 10�3 1:13� 10�4

0:9 4:74� 10�2 1:49� 10�3 1:33� 10�4

1 4:98� 10�2 1:12� 10�2 1:39� 10�4

Fig. 2. The solutions of problem 5.3.
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w x; tð Þ ¼ 2t � 1ð Þ2 1� 2xð Þ; 0 � x; t � 1; ð5:8Þ
f x; rð Þ ¼ �1
3

x2 þ x2 � r þ 1
3
xþ 1

4
r � 1

12
; ð5:9Þ
and�f x; rð Þ ¼ 1
3
x� x2 � r � 1

4
r þ 5

3
x2 þ 5

12
; ð5:10Þ

The exact solution of the parametric form y ¼ ðy; �yÞ is:
Table 5
The absolute errors of y x; rð Þ.

r s 0 0:2

Ej j of NP.1 22:76 3:29� 10�17 1:55� 10�

Ej j of NP.3 28:90 1:25� 10�16 2:22� 10�

Ej j of NP.5 85:07 1:25� 10�16 9:71� 10�

Ej j of NP.7 28:197 7:13� 10�17 8:33� 10�

Ej j of NP.9 28:197 3:45� 10�16 4:86� 10�

Ej j of BPFs [26] � 7:96� 10�3 7:74� 10�

Table 6
The absolute errors of �y x; rð Þ.

r s 0 0:2

Ej j of NP.1 22:76 0 0

Ej j of NP.3 28:90 2:22� 10�16 1:11� 10�

Ej j of NP.5 85:07 1:33� 10�15 1:11� 10�

Ej j of NP.7 28:197 1:67� 10�15 1:44� 10�

Ej j of NP.9 28:197 6:66� 10�16 8:88� 10�

Ej j of BPFs [26] � 2:42� 10�2 2:74� 10�

8

y x; rð Þ ¼ rx

and �y x; rð Þ ¼ 2� rð Þx: ð5:11Þ
Tables 5 and 6 illustrated the absolute errors of problem 5.4 at

x ¼ 0:5 using BPFs [26] with m ¼ 32 and TNPCS method with
n ¼ 10 which indicated that the results given by TNPCS method

is the best. Furthermore, MAE of TNPCS method is O 10�15
� 	

while

MAE of BPFs [26] is O 10�2
� 	

. Also, Fig. 3 showed the relation

between the numerical solution given by TNPCS method and exact
solution at x ¼ 0:5.

Problem 5.5. Consider the LFIE (1.1) [4] with:

w x; tð Þ ¼ t � xð Þsin x� tð Þ
12ð1þ xÞ ; 0 � x; t � 1; ð5:12Þ

and f ðxÞ is chosen such that its exact solution is:

y xð Þ ¼ x5

20
� x4

12
: ð5:13Þ

The absolute errors of problem 5.5 are presented in Table 7 by
using TNPCS method and the natural spline interpolation method

(NSIM) [4] with n ¼ 10 and their MAE is O 10�4
� 	

.

0:4 0:6 0:8

17 3:10� 10�17 5:72� 10�17 1:44� 10�16

16 2:78� 10�16 3:89� 10�16 4:99� 10�16

17 1:11� 10�16 5:55� 10�17 5:55� 10�17

17 8:33� 10�17 1:11� 10�16 1:11� 10�16

16 5:83� 10�16 6:66� 10�16 7:77� 10�16

3 1:52� 10�3 1:44� 10�2 1:12� 10�2

0:4 0:6 0:8

5:55� 10�17 1:11� 10�16 1:14� 10�16

16 1:08� 10�18 1:41� 10�18 1:11� 10�16

15 9:99� 10�16 8:89� 10�16 6:67� 10�16

15 1:55� 10�15 1:11� 10�15 8:88� 10�16

15 5:55� 10�16 5:55� 10�16 4:44� 10�16

2 3:06� 10�2 1:08� 10�2 3:09� 10�2



Fig. 3. The solutions of problem 5.4 at: x ¼ 0:5 and.0 � r � 1:

Table 7
The absolute errors for problem 5.5 at h ¼ 0:1.

x 0 0:2 0:4 0:6 0:8 1

NP.1 6:36� 10�6 5:31� 10�5 1:62� 10�4 3:20� 10�4 5:37� 10�4 4:03� 10�4

NP.2 6:23� 10�6 5:28� 10�5 1:60� 10�4 3:12� 10�4 4:97� 10�4 4:30� 10�4

NP.3 6:23� 10�6 5:28� 10�5 1:60� 10�4 3:12� 10�4 4:95� 10�4 4:32� 10�4

NP.4 6:23� 10�6 5:28� 10�5 1:60� 10�4 3:12� 10�4 4:96� 10�4 3:31� 10�4

NP.5 3:20� 10�6 5:05� 10�5 1:58� 10�4 3:10� 10�4 4:84� 10�4 5:37� 10�4

NP.6 6:77� 10�6 5:33� 10�5 1:61� 10�4 3:12� 10�4 4:85� 10�4 4:18� 10�4

NP.7 6:19� 10�6 5:28� 10�5 1:60� 10�4 3:12� 10�4 4:99� 10�4 4:31� 10�4

NP.8 6:19� 10�6 5:28� 10�5 1:60� 10�4 3:12� 10�4 4:99� 10�4 4:31� 10�4

NP.9 6:19� 10�6 5:28� 10�5 1:60� 10�4 3:12� 10�4 4:99� 10�4 4:31� 10�4

NP.10 6:19� 10�6 5:28� 10�5 1:60� 10�4 3:12� 10�4 4:99� 10�4 4:31� 10�4

NSIM [4] 2:5� 10�4 1:2� 10�4 5:5� 10�5 1:8� 10�5 6:3� 10�6 1:2� 10�5
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6. Conclusion

In this work, a general non-polynomial cubic spline function is
presented and used to investigate ten formulas for the cubic spline
function by changing the values of some parameters in equation
(2.1) as shown in Table 1. In addition, the fourth–order conver-
gence of TNPCS method is derived and then, it’s used to obtain
the numerical solutions of linear, nonlinear, and fuzzy Fredholm
integral equations of second kind. Furthermore, Tables 2–7 and
Figs. 1–3 showed that the results given by the proposed method
are better than the other mentioned methods.

Notes:

	 These computations are obtained using Mathematica 11.1
software.

	 The CPU running time used in solving problems 5.1, 5.2 and 5.4,
is less than 7 s for each spline function formula (NP.1, NP.2, . . .,
NP.10) and it’s about 25 s for problem 5.5.
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